We generalize a recently formulated theory of high-order harmonic generation by low-frequency laser fields ͓Anne L'Huillier et al., Phys. Rev. A 48, R3433 ͑1993͔͒ to the case of an elliptically polarized light. Our theoretical description includes both the single-atom response and propagation. Phase matching significantly modifies the results obtained in the single-atom response. The results of our calculations, including propagation for both the intensity and polarization properties of harmonics as a function of laser ellipticity, compare very well with recent experimental observations.
I. INTRODUCTION
High-order harmonic generation ͑HG͒ is one of the most rapidly developing topics in the field of intense laser-atom interactions. The recent progress in understanding the origin of the high-order harmonics observed in the experiments ͑typically beyond the 100th order͒ ͓1͔ can be attributed to the development of the two-step quasiclassical interpretation ͓2,3͔. This model has been very useful in explaining, in particular, the location of the cutoff in the harmonic generation spectra ͓4͔. According to this model, the electron first tunnels ͓5,6͔ from the ground state of the atom through the barrier formed by the Coulomb potential and the laser field. Its subsequent motion can be treated classically, and primarily consists in oscillations of the free charge in the laser field. The electron may come back in the vicinity of the nucleus and recombine back to the ground state. If it returns with a kinetic energy E kin , a photon of the energy E kin ϩI p , where I p is the ionization potential, may be emitted. Since the maximal kinetic energy of the returning electron is E kin Ӎ3.2U p , where U p ϭE 2 /4 2 is the ponderomotive potential, i.e., the mean kinetic energy acquired by a free electron in the laser field of amplitude E and frequency , the cutoff in the harmonic spectrum occurs at harmonics of order N max Ӎ(I p ϩ3.2U p )/ ͓7͔.
In a series of papers ͓8,9͔, we have formulated a fully quantum theory, valid in the tunneling limit (U p уI p Ͼ), which recovers the semiclassical picture of the two-step model and includes rigorously the effects of quantum tunneling, quantum diffusion, and interference. This theory is a version of the so-called strong-field approximation ͓5͔ and is very much related to the ␦-potential model of Becker and co-workers ͓10͔. Moreover, we have shown that a singleatom description is not sufficient, in general, to explain the experimental data ͓8,11͔. To get good agreement between theory and experiment, it is necessary to consider the effects of propagation and phase matching of the harmonics in the macroscopic medium. This, to a large extent, is caused by the variation of the harmonic phase, which is due to the phase shift of the fundamental beam at the focus and to the dynamical phase shift of the induced atomic dipole moment ͓8,11-13͔.
The two-step model, as well as our theory, lead to the obvious conclusion that HG should be greatly reduced if the atoms are driven by elliptically polarized light. In the case of linear polarization, some of the classical trajectories of the electron pass the nucleus periodically, thus allowing for recombination and harmonic generation. There are, strictly speaking, no such trajectories for elliptic polarization. HG is, in that case, possible only thanks to the finite extent of the electronic wave packet and quantum diffusion effects. The HG efficiency is expected to decrease rapidly with an increase of the ellipticity of the laser. Several laboratories have demonstrated this effect experimentally ͓14 -17͔. Measurements have been performed both at relatively low intensities and harmonic orders, i.e., in the multiphoton regime, and at high intensities and harmonic orders, for which the two-step description applies. The decrease of HG strength with ellipticity is clearly more pronounced in the latter case.
Harmonics generated by single atoms driven by elliptically polarized light are also polarized elliptically. In the perturbative regime, their polarization is expected to be the same as that of the laser ͓18͔. This prediction is not valid in the general ͑nonperturbative͒ case. Weihe et al. ͓19͔ have observed that the polarization ellipse of low-order harmonics is rotated by some angle with respect to the polarization ellipse of the laser.
A systematic theoretical study of HG, including the case of elliptically polarized laser fields, has been recently presented by Becker et al., who discussed the exact solutions for the ␦-potential model ͓10͔. Dietrich et al. ͓15͔ used a simplified version of our theory ͑in which the electron is allowed to return to the nucleus only once͒ to interpret their experimental data. However, none of these authors discusses propagation effects and the polarization properties of the harmonics, which are the main subject of the present work. Other studies of harmonics generated by laser fields of variable polarization have concentrated on the possibility of gen-erating attosecond pulses ͓20͔, and on applications for control and optimization of the harmonic source using several colors ͓21,22͔.
The aim of the present paper is to generalize and apply the theory formulated in Refs. ͓8,9͔ to the case of elliptically polarized light. The paper is organized as follows. In Sec. II, we discuss the single-atom response. We show that the variation of the harmonic strengths as a function of laser ellipticity exhibit quantum interference effects, which depend on the laser intensity and harmonic order. In Sec. III, we present the method for calculating the macroscopic response by solving the inhomogeneous Maxwell equations ͓23͔ and we compare the propagated results with experimental data ͓14͔. We obtain a very good agreement between theory and experiment. Finally, in Sec. IV, we discuss the polarization of harmonics from the single atom to the macroscopic response. For single atoms, a simple linear dependence of the ellipticity of the harmonics and of the rotation angle of the ellipse as a function of laser ellipticity occurs only at relatively low intensities. For higher intensities, both ellipticity and rotation angle vary rapidly as a function of both laser intensity and ellipticity, and exhibit quantum interference effects. In some situations, the helicity of the harmonic field undergoes dynamically induced change of sign, so that, in the complex plane, the fundamental and harmonic fields circulate in opposite directions. All these effects are smoothed ͑but not elimi-nated͒ by propagation effects.
II. SINGLE-ATOM RESPONSE

A. Theory
We consider an atom in a single-electron approximation under the influence of the laser field E ជ (t) of arbitrary polarization. We here use atomic units, but express all energies in terms of the photon energy. A more appropriate system of units ͑MKSA͒ will be used in Sec. III to describe the propagation of electromagnetic fields. We skip the details of the derivation and the discussion of the validity range of our approach since they were thoroughly discussed in Ref. ͓9͔ . Briefly, we neglect the contribution to the evolution of the system of all bound states except the ground state, as well as the effect of the atomic potential on continuum electronic states. Our approach is valid in the tunneling regime for ionization, i.e., when U p is comparable or larger than I p .
The time-dependent dipole moment x ជ (t) ϭ͗⌿(t)͉x ជ ͉⌿(t)͘, with ͉⌿(t)͘ denoting the time-dependent electronic wave function, can be written in the form of a generalized Landau-Dyhne formula ͓24͔ as
In this expression, d ជ "p ជ ϪA ជ (t)… is the field-free dipole transition matrix element between the ground-state and the continuum state characterized by the velocity v ជ ϭp ជ ϪA ជ (t), p ជ denoting the canonical momentum and A ជ (t), the vector po-tential. a(t) is the ground-state amplitude; Finally, S(p ជ ,t,tЈ) is the quasiclassical action, describing the motion of an electron moving in the laser field with a constant momentum p ជ ,
is a sum of probability amplitudes corresponding to the following processes: The last term in the integral, E ជ (tЈ)•d ជ "p ជ ϪA ជ (tЈ)…a(tЈ), is the probability amplitude for an electron to make the transition to the continuum at time tЈ with the canonical momentum p ជ . The electronic wave function is then propagated until time t and acquires a phase factor equal to exp͓ϪiS(p ជ ,t,tЈ)͔. The electron recombines at time t with an amplitude equal to d ជ *"p ជ ϪA ជ (t)…a*(t). The expression ͑1͒ neglects continuumcontinuum contributions to x ជ (t).
The ground-state amplitude a(t) can be expressed as
͑3͒
where the time-dependent, complex, ionization rate is determined from
For small t, ␥(t) is a rather complicated function of time, but becomes periodic typically after a few laser cycles. Since the effect of depletion over the time scale of few optical periods is negligible, and since the integral over tЈ is actually restricted to tЈӍt owing to quantum diffusion, we may set a(tЈ)Ӎa(t) in Eq. ͑1͒. The harmonic amplitudes x ជ q are obtained by Fourier transforming the time-dependent dipole moment x ជ (t):
As we have shown in Ref. ͓9͔ , the dominant contributions to x ជ q come from the stationary points of the Legendretransformed quasiclassical action, for which the derivatives of S(p ជ ,t,tЈ)Ϫqt with respect to p ជ , t, and tЈ vanish ͑saddlepoint equations͒. Introducing the return time ϭtϪtЈ, these equations read
The first of these equations means that the only relevant electron trajectories are those in which the electron leaves the nucleus at time tϪ and returns to it at t. Equation ͑7͒ has a somewhat more complicated interpretation. If I p was zero, it would simply state that the electron leaving the nucleus at tϪ should have a velocity equal to zero. In reality, I p 0 and, in order to tunnel through the Coulomb barrier, the electron must have a negative kinetic energy at tϪ. This condition cannot be fulfilled for real 's, but can easily be fulfilled for complex 's. The imaginary part of can then be interpreted as a tunneling time, just as it has been done in the seminal papers of Ammosov, Delone, and Krainov ͓6͔. Finally, we can rewrite the last expression ͑8͒ as
This is simply the energy conservation law, which gives the final kinetic energy of the recombining electron that generates the qth harmonic. In Ref. ͓15͔, such a quasiclassical analysis was used. The authors considered, however, the contribution from only one saddle point (p ជ ,t,), and calculated it in the limit I p ӶU p . There are, however, in general, several complex stationary points that fulfill the saddle-point equations. In Ref. ͓12͔, we included the contribution of the two most relevant saddle points. We showed the importance of interferences between the contributions of these two saddle points at high laser intensities, in the case of linear polarization. In the present paper, we will only use the saddle-point technique to evaluate the integral over momenta, and to handle the slowly varying parts of expression ͑1͒, as discussed below. We perform all other integrations over tЈ ͑replaced, in practice, by ϭtϪtЈ) and t numerically, thus accounting for the contributions of all saddle points and their interferences exactly. As we shall see, for small ellipticities and moderate intensities, our results for the ellipticity dependences of the harmonics are consistent with those of Ref. ͓15͔. However, for high intensities corresponding to the plateau region ͑e.g., Ͼ2ϫ10 14 W/cm 2 for the 43rd harmonic in neon͒ ͓12͔, the interference of the two saddle points that have return times Re() in the interval ͓0,2͔ becomes very significant. Moreover, for large ellipticities, the contributions of saddle points with even larger return times can no longer be neglected.
After performing the saddle-point integration over momenta in Eq. ͑1͒ ͓see Eq.͑6͔͒, replacing a(tЈ) by a(t), and using the return time , we obtain
where is a positive regularization constant, whereas
Note the characteristic prefactor (ϩi/2) Ϫ3/2 coming from the effect of quantum diffusion. It cuts off very efficiently the contributions from large 's and allows us to extend the integration range from 0 to infinity. The complex decay rate may be treated in a similar way and becomes
Within this approximation, ␥(t) is a periodic function of time. Oscillations of ␥(t) modify obviously the Fourier spectrum of x ជ (t), i.e., influence the harmonic spectrum ͓25͔. We have checked numerically, however, that, in the discussed regime of parameters, this effect is negligible. It is thus legitimate to replace ␥(t) by its time average ␥ and to assume that the decay of the ground state is exponential: ͉a(t)͉ 2 ϭexp(Ϫ⌫t), with ⌫ϭ2Re(␥ ). Note that ⌫ is a function of I p , U p , and the polarization of the laser field.
We are now in the position to evaluate the harmonic spectrum emitted by an atom driven by an elliptically polarized field. The laser electric field and vector potential are given by
where ⑀ denotes the ellipticity of the laser field. For the case of hydrogenlike atoms and transitions from s states, the field-free dipole matrix elements can be approximated by ͓9,26͔
with ␣ϭ2I p . Many qualitative and some quantitative properties of the HG spectra can be obtained from the simplified expression
This expression describes a ''flat'' dipole moment and neglects the energy dependence of d ជ (p ជ ). It corresponds to the ''Gaussian broad limit'' ͑GBR͒ model discussed in Ref. ͓9͔ ; an analogous formula has been used in Ref. ͓15͔ . We stress that our present calculations indicate that the expression ͑16͒ cannot be used for accurate quantitative evaluation of the HG spectra. The absolute values of the harmonic strengths and ionization rates from the ͑appropriately normalized͒ GBR model are typically two orders of magnitude smaller than those obtained with Eq. ͑15͒ ͓27͔. The GBR model does, however, provide quite an accurate description of the relative harmonic intensity and ellipticity dependences.
In the present work, we use Eq. ͑15͒. For the term d ជ "p ជ s ϪA ជ (t)… in Eq. ͑10͒, we make use of the fact that the main contribution to the integral over and t in the equation giving the qth harmonic amplitude ͓Eq. ͑5͒, in which x ជ (t) is replaced by the expression ͑10͔͒, comes from the saddle points. We therefore substitute ͕͓ p ជ s ϪA ជ (t)͔ 2 ϩ␣͖ Ϫ3 by (2q) Ϫ3 , in accordance with Eqs. ͑7͒ and ͑8͒. This cannot be done for d ជ "p ជ s ϪA ជ (tϪ)…, since this term is singular at the saddle point ͓see Eq. ͑7͔͒. We have to treat this term in the integrand of ͑10͒ exactly. To this aim, we use the Fourier expansion
͑17͒
The coefficients b M () can be evaluated exactly using the Cauchy theorem, as described in Appendix A.
Without depletion, the Fourier transform of x ជ (t)͓Eq. ͑5͔͒ consists of a series of the Dirac's ␦ peaks. The moduli squared of these amplitudes determine the corresponding harmonic strengths. With depletion, the Fourier transform of x ជ (t) becomes a sum of Lorentzian peaks centered at the harmonic frequencies. In the present regime of parameters, these peaks are still very narrow, since ⌫Ӷ1. Note that this condition means that depletion is negligible on a scale of one laser cycle, which does not exclude that it might be dominant on a scale of the laser pulse duration, T D . The complex harmonic amplitudes are calculated as the values of the Fourier transform of x ជ (t) at the centers of the lines, i.e., at the harmonic frequencies, multiplied by appropriate normalization factors N. The normalization is such that ͉N͉ 2 gives the total area under the corresponding Lorentzian peak in the spectrum ͑total energy emitted into the given harmonic field͒, i.e.,
The final expressions for the x and y components for the complex harmonic amplitudes read
where 2KϭqϪ1,
and J K (•) denoting the Bessel function of Kth order. The explicit expressions for the functions B(), C(), D(), and F K () are given in Appendix B.
B. Numerical results
In the numerical calculations, we calculate the integrals ͑18͒ and ͑19͒ over a range of typically 4 -5 optical cycles. The sum over M is extended to ͉M ͉Ӎ7Ϫ8 in order to get a good convergence ͑note that the restriction of the sum over M to M ϭ0 is equivalent to an appropriately normalized GBR model͒. Our results for neon are presented in Figs. 1-3. Throughout the paper, we use laser parameters that correspond to the laser used in the experiments of Ref. ͓14͔, which produced 150 fs ͓full width at half maximum ͑FWHM͔͒ pulses at the wavelength of 825 nm. In our system of units, I p ϭ14.4 and T D Ӎ100.
In Figs. 1 and 2, we present typical results for the intensity dependence of the x and y components of the induced atomic dipole at the 43rd harmonic, for three values of the ellipticity. Figure 2 contains only two curves, since for ⑀ϭ0, the y component of the dipole is zero. The intensity dependences of both ͉x 43 ͉ 2 ͓Fig. 1͑a͔͒, and ͉y 43 ͉ 2 ͓Fig. 2͑a͔͒ show the characteristic transition from the cutoff region ͑where the dipole strengths increase rapidly͒ to the plateau region ͑where the dipole strengths saturate and are dominated by quantum interference effects͒. With increasing ellipticity, the dipole strength decreases whereas the cutoff position shifts slightly toward higher intensities ͑hence, for a given intensity, towards lower harmonic orders͒. In Figs. 1͑b͒ and 2͑b͒, we show the intensity dependences of the phase of the dipole. This phase, as we stressed in Refs. ͓11,12͔, determines, to a great extent, the coherence properties of the propagated signal and can be interpreted in quasiclassical terms. It exhibits a piecewise linear behavior as a function of the laser intensity. The slope of the phase for intensities below the cutoff-plateau transition point is equal to ӍϪ3.2 in units of U p . In this regime, it practically does not change with ellipticity. In the plateau region, the phase exhibits oscillations due to quantum interferences. The average slope is larger (ӍϪ5.8 for ⑀ϭ0) than in the cutoff, and increases with ellipticity (ӍϪ20 for ⑀ϭ0.6). This increase of the slope with the laser ellipticity takes place over a limited range of intensities ͓from ϳ2.7 to 6ϫ10 14 W/cm 2 in Figs. 1͑b͒ and 2͑b͔͒. It strongly depends on the process order, being more and more pronounced as the harmonic order increases ͑it is very significant for the 63rd harmonic͒.
As we have shown in Ref. ͓12͔ , the slope is related to the return time of the electron for the most relevant saddle points. The large slopes obtained for large ellipticities seem to imply that the trajectories corresponding to long return times ͑i.e., longer than one period with, possibly, multiple returns͒ play a dominant role in this case, especially for high harmonic orders. Numerical analysis confirms this interpretation. The contributions from high values of the return times are usually cut off due to diffusion effects ͑which our theory accounts for͒, and due to electron rescattering effects ͑which our theory ignores͒. One could argue that the physical significance of such trajectories could be questioned at small ellipticities, since electron rescattering would eliminate them ͑see discussion in ͓9͔͒. At high ellipticities, however, this argument fails, since the effects of rescattering are much weaker, and can be perfectly neglected. These contributions then have to be taken into account, and only quantum diffusion might eliminate them. This effect influences the propagation effects significantly, as we shall see below.
In Fig. 3 , we plot the relative harmonic strengths as a function of the laser ellipticity for the ͑a͒ 23rd, ͑b͒ 43rd, and ͑c͒ 63rd harmonics, and for different values of the laser in- tensity. The curves are normalized such that the harmonic strengths for ⑀ϭ0 are set equal to one. The dipole strength decreases drastically ͑six orders of magnitude at least͒ as the laser ellipticity increases from 0 ͑linear polarization͒ to 0.5 ͑an ellipticity of 1 corresponds to circular polarization͒. This effect is more pronounced for high harmonic orders, in agreement with the experimental observations ͓14,28͔. The influence of the laser intensity is not very important. It changes the relative dipole strengths by at most two orders of magnitude, and in a nonmonotonic way ͓see, for example, Fig. 3͑a͔͒ . Interference effects are clearly observed as oscillatory features in Figs. 3͑b͒ and 3͑c͒. They even induce a local minimum at ⑀ϭ0 at high intensity ͓see Fig. 3͑c͔͒ . Note that this minimum cannot be interpreted in terms of the effects discussed in ͓17͔, which apply to much lower harmonic orders ͑comparable to I p ). It is also worth stressing that the interference effects are smaller in the hydrogen model than in the cruder GBR description. The contributions of several Fourier components of the atomic dipole moments ͓see Eq. ͑17͔͒ apparently tend to smooth out quantum interference effects.
The results presented in Fig. 3 have been obtained without taking depletion into account. The effect of depletion is indeed hardly visible on these curves, at the intensities considered (р6ϫ10 14 W/cm 2 ). The relative harmonic strengths depend on the depletion rate only through the normalization constant N. Since the depletion rate is a weakly decreasing function of the ellipticity, the norm N increases with ellipticity. It thus promotes the regions of large values of ⑀ relative to the region ⑀Ӎ0. The resulting broadening of the curves is, however, visible only at sufficiently high intensities (Ӎ8ϫ10 14 W/cm 2 ), when the depletion starts playing a significant role. In the following, we shall thus neglect the depletion, keeping in mind what its ͑small͒ effect might be. Note that, if we had plotted the absolute harmonic strengths, the effect of depletion would have been more pronounced, since the results for high intensities ͑high depletion͒ would have been shifted down along the vertical axis ͑i.e., reduced in value͒, by up to one order of magnitude.
III. MACROSCOPIC RESPONSE
The second step of the theoretical description consists of solving the propagation equations in the paraxial and slowly varying envelope approximations, using the dipole moments discussed previously as source terms. The method for solving the propagation equations has been discussed previously for linearly polarized fundamental ͑and harmonic͒ fields ͓23͔. In the present paper, we discuss the validity of the different approximations used and we generalize the method to elliptically polarized fields.
A. Propagation equations in homogeneous media
We start from the general wave equation describing the propagation of an electromagnetic field E ជ (r ជ ,t) in an isotropic, globally neutral, nonmagnetic, dielectric medium, characterized by an electronic polarization P ជ (r ជ ,t):
It is natural to decompose E ជ (r ជ ,t) and P ជ (r ជ ,t) as sum of harmonic fields and polarizations:
where P ជ q L (r ជ ,t) denotes the linear response at the ͑harmonic͒ frequency and P ជ q NL (r ជ ,t) the nonlinear response. We assume that the linear response takes the simple form:
the susceptibility q being related to the wave vector k q by k q 2 ϭ(q/c) 2 ⑀(q), with ⑀(q)ϭ1ϩ q . The refractive index n q is equal to ͱ⑀(q). For the sake of simplicity, we here neglect nonlinear corrections to the linear susceptibility and assume the medium to be homogeneous. We will come back on these points in the next section. The nonlinear response of the medium, P ជ q NL (r ជ ,t), includes, in principle, contributions from a large number of processes involving the harmonic and fundamental fields. We neglect the influence of wave mixing processes involving harmonic fields as well as the depletion of the fundamental field by energy transfer to the harmonic fields. Both assumptions are justified owing to the relatively low conversion efficiency for these high-order processes. P ជ q NL is therefore the polarization induced by the fundamental field only. Introducing the electric excitation D ជ q ϭ⑀ 0 E ជ q ϩP ជ q L , Eq. ͑23͒ becomes a set of equations:
͑27͒
These equations are only coupled through the dependence of P ជ q NL (r ជ ,t) on E ជ 1 (rЈ ជ ,tЈ͒ ͑it may not be a local function of the electric field͒. Note that, at this point, we have not made any paraxial or slowly varying envelope approximations. We now introduce the envelope functions E ជ q and P ជ q
is the laser frequency and z denotes the coordinate on the propagation axis. In the paraxial approximation, the field E ជ (r ជ ,t) and the polarization P ជ (r ជ ,t) are supposed to be perpendicular to the propagation axis z, i.e., in the (x, y͒ plane. Further, we make the slowly varying envelope approximation, i.e., we assume that E ជ q (r ជ ,t), P ជ q NL (r ជ ,t) vary slowly in time over the harmonic period and in the coordinate z over the harmonic wavelength. Although for short laser pulses and high intensities, the nonlinear polarization may vary rapidly in time, compared to the exciting laser period, we believe that the slowly varying envelope approximation is satisfied for the harmonic propagation equations. After a few manipulations described in textbooks ͑see, e.g. ͓29͔͒, Eq. ͑27͒ becomes
v gq denotes the group velocity at frequency q and ⌬k q ϭk q Ϫqk 1 , the phase mismatch. ٌ Ќ 2 is the Laplacian operating on the transverse coordinates (x, y͒, or when the problem is axisymmetric, on the coordinate r. To obtain Eq. ͑29͒, we have neglected the double derivatives of E ជ q (r ជ ,t) relative to z and t and we have assumed ‫ץ‬ 2 P ជ q (r ជ ,t)/‫ץ‬t 2 ӍϪq 2 2 P ជ q (r ជ ,t). Assuming equal group velocities for all the frequencies ͑which is valid for the small and diluted media considered in the high-order harmonic generation experiments͒ and making the change of variables rЈ ជ ϭr ជ ;tЈϭtϪz/v g , which amounts to using the referential moving at the common group velocity, we obtain
͑we drop the primes from now on͒. So far, we have not specified the dependence of the polarization on the incident field. We now assume that the polarization is a local function of the incident electric field, both in space and time. The field creating a polarization in (r ជ ,t) is E ជ 1 (r ជ ,t). In space, this approximation is valid for the dilute media used in the present problem. In time, the implication that the polarization follows ''instantaneously'' the change in electric field, might be questionable for high intensities and short pulses. The validity of the temporal locality will be investigated in future work. Here, we simply approximate the nonlinear polarization, in the framework of the dipole approximation, by
where N is the atomic density, and x ជ q (r ជ ,t), the harmonic component of the atomic dipole moment, calculated for a field ͓͉E 1x ͉cos(t),͉E 1y ͉sin(t),0͔. The factor of 2 arises from different conventions used in the definitions of P ជ q NL ͓Eq. ͑28͔͒ and x ជ q ͓Eq. ͑5͔͒. Finally, 1 (r ជ ,t) represents the phase of the laser field envelope E ជ 1 (r ជ ,t), obtained by solving the propagation equation for the fundamental.
B. Propagation equations in inhomogeneous media
The propagation equations ͓Eq. ͑30͔͒ are immediately generalized to the case of neutral media, with a z-dependent atomic density, N (z). In Eqs. ͑28͒, ͑29͒, and ͑30͒, k 1 z, k q z, and ⌬k q z are replaced by ͐ z k 1 (zЈ)dzЈ, ͐ z k q (zЈ)dzЈ, and ͐ z ⌬k q (zЈ)dzЈ, respectively.
When the medium is absorbing at frequency q, ͉E ជ q (r ជ ,t)͉ϭ͉E ជ q (r ជ ,t)͉exp͓͐ z q (zЈ)dzЈ͔, where q is the absorption coefficient at frequency q ͑imaginary part of k q ). It is then more convenient to introduce a new envelope function for the harmonic fields
The case of inhomogeneous media owing to ͑partial͒ ionization is more difficult and requires additional approximations. The refractive index n q contains contributions from atoms, ions ͑which we assume, for simplicity, to be only singly charged͒, and electrons,
where the indices a,i, and e refer to the atomic, ionic, and electronic susceptibilities, respectively. q a,i (r ជ ,t) ϭN a,i (r ជ ,t)␣ a,i (q), where ␣ a,i (q) and N a,i (r ជ ,t) denote the ͑atomic or ionic͒ dipole polarizability and density. We do not consider here nonlinear corrections to the polarizabilities. In the calculations presented below, we shall actually completely neglect the atomic and ionic dispersion, considering only the dispersion induced by the electrons. The electronic term takes a simple form:
For short laser pulses, the electrons do not have time to move so that the electronic density N e (r ជ ,t)ӍN i (r ជ ,t). This approximation allows us to keep the cylindrical symmetry relative to the propagation axis. We express the refractive index and the wave vector as
with q 0 (z)ϭN (z)␣ a (q), N (z) being the ͑initial͒ medium density, and k q 0 (z)ϭ(q/c)͓1ϩ q 0 (z)/2͔. We have here extracted the contributions from the atomic medium, assumed to be not depleted by ionization ͓1ϩ q 0 (z) and k q 0 (z)͔. The remaining contributions to the refractive index and the wave vector induced by ionization are written as correction terms ␦ q (r ជ ,t) and ␦k q (r ជ ,t), respectively. Note that we could also, more simply, consider the wave vector describing propagation in vacuum: k q 0 ϭq/c, including all dispersion effects in ␦k q .
The linear response of the medium ͓see Eq. ͑26͔͒ can be written as
The first term in the sum is treated as before by moving it to the left-hand side of the propagation equation, incorporating it by means of the wave vector k q 0 . The second term is considered as an additional source term to the propagation equations, to which the slowly varying envelope approximation can be applied, i.e.,
Following the derivation of the preceding section, and using the envelopes defined by
C. Numerical results
The propagation equations ͓Eqs. ͑38͒ and ͑39͔͒ are solved numerically over the length of the nonlinear medium using a finite-difference technique. They are discretized in the (r,z) plane on a 500ϫ300 point grid and integrated using a spacemarching Crank-Nicholson scheme. The field at the position z i is obtained from that at the position z iϪ1 by inverting a tridiagonal matrix with a classical recursive algorithm. Equation ͑38͒, nonlinear through the dependence of ␦k 1 (r ជ ,t) on the field intensity is solved first, for the two components of the ͑elliptically polarized͒ incident field. Next, one calculates P ជ q NL (r ជ ,t) and ␦k q (r,z) induced by the perturbed fundamental field E ជ 1 (r ជ ,t). Then, Eq. ͑39͒ is solved, yielding the harmonic field E ជ q (r ជ ,t). This is repeated for a sequence of times t spanning the laser pulse duration ͑typically 30 points͒. To obtain the harmonic strengths, we integrate ͉E ជ q (r ជ ,t)͉ 2 at the exit of the medium, over the transverse coordinate r ͑using cylindrical coordinates͒, and over the laser pulse duration. As in Sec. II, we use parameters close to the experimental conditions of ͓14͔. The laser is assumed to be Gaussian in space and time, with a 5-mm confocal parameter and a 150-fs pulse duration at half maximum. The atomic density profile is a truncated Lorentzian function with a 0.8-mm FWHM, centered at the laser focus. This is not the best condition for generating coherent harmonics ͓11,12͔, but no optimization with respect to the focus position has been done in the experiments. The peak density is taken to be 15 Torr. The dimension of the grid in space is approximately ͑depending on the process order͒ 100 m ϫ1.6 mm, and in time, 250 fs.
For low laser frequencies, pressures above 10 Torr and intensities high enough to partially ionize the medium, the refractive index will be dominated by the free electron contribution. In the calculations presented below, we neglect all atomic or ionic dispersion effects, as well as absorption, but we include the effects of depletion and the dispersion induced by free electrons. In Eqs. ͑38͒ and ͑39͒, we set k q 0 ϭq/c, ⌬k q 0 (z) ϭ0, and ␦k q (r ជ ,t) ϭϪe 2 N e (r ជ ,t)/2mqc.The electronic density is obtained from the tunneling ionization rates ⌫(͉E ជ 1 ͉) derived in Sec. II as
͑40͒
The dispersion introduced by the free electrons has several effects: it introduces an additional phase mismatch, thus deteriorating phase matching. It leads to defocusing and blueshifting of the fundamental field. These effects play a dominant role in some situations ͓30͔. For the intensities and density used in these calculations, however, they remain marginal. We checked that they do not influence the polarization properties of the generated harmonic field in any significant way. In Fig. 4 , we compare the single-atom results ͑solid line͒ with the propagated signals ͑dashed line͒ for the ͑a͒ 23rd, ͑b͒ 43rd, and ͑c͒ 63rd harmonics at an intensity of 6ϫ10 14 W/cm 2 . For the calculation including propagation, this intensity is to be understood as the peak intensity. The first conclusion to be drawn from the figure is that propagation ͑and time-averaging͒ smooths out quantum interference patterns. In general, the propagated results decrease faster with ellipticity than in the single-atom response, especially for high-order harmonics ͓see Fig. 4͑c͔͒ . The result in Fig. 4͑b͒ , which is at variance with this tendency, is probably due to the destructive interfence effect occurring at ⑀Ӎ0.35, which reduces, in this case, the single-atom response. The faster decrease with ellipticity in the propagated results can be explained by the previously noted increase of the variation of the phase in the plateau region with the laser ellipticity ͓see Figs. 1 and 2͑b͔͒ , which deteriorates phase matching for large ellipticities.
In Fig. 5 , we compare the results of our calculation ͑including propagation͒ with experimental data for the ͑a͒ 23rd, ͑b͒ 43rd, ͑c͒ 63rd harmonics. In each plot, we present three theoretical curves corresponding to the laser peak intensities 2, 4, and 6 ϫ 10 14 W/cm 2 ͓only the last two are shown in Fig. 5͑c͒ , the 63rd-harmonic generation efficiency at 2 ϫ10 14 W/cm 2 being negligible͔. The full circles denote the result of the experiment performed by Budil et al. ͓14͔ . The open squares are the results of recent experiments carried out at Saclay with a Ti:sapphire laser at a slightly different wavelength, 790 nm, but otherwise in very similar conditions ͓28͔. This laser has a higher repetition rate ͑20 Hz͒ than the one used in ͓14͔, thus allowing for better statistics. The agreement between theory and experiment is very good, irrespective of the laser intensity used in the calculations ͑which does not influence much the results͒. In particular, the theory reproduces extremely well the significant narrowing of the ellipticity dependence with increasing harmonic number ͓compare Figs. 5͑a͒ and 5͑c͔͒ . The deviation observed at large ellipticities is simply due to the fact that, in the experiments, the signal was barely above the noise level, and measured with poor accuracy in this region. FIG. 4 . Comparison of the single-atom ͑solid line͒ and propagated ͑dashed line͒ harmonic strengths for ͑a͒ 23rd, ͑b͒ 43rd, and ͑c͒ 63rd harmonic, at a peak laser intensity of 6ϫ10 14 W/cm 2 .
FIG. 5. Comparison of the simulated harmonic strengths with experimental data for ͑a͒ 23rd, ͑b͒ 43rd, and ͑c͒ 63rd harmonic. Theoretical curves correspond to three different peak intensities: 2ϫ10 14 W/cm 2 ͑long-dashed line͒, 4ϫ10 14 W/cm 2 ͑dot-dashed line͒, and 6ϫ10 14 W/cm 2 ͑solid line͒. Only the last two intensities are plotted for the 63rd harmonic since it is very far in the cutoff region at low intensity. Full circles denote experimental data from Ref. ͓14͔ . Open squares denote recent results obtained at Saclay with a Ti:S laser ͓28͔.
IV. POLARIZATION OF HARMONICS
Before presenting numerical results, we discuss how to extract from the calculated dipole component x ជ q in the single-atom response, and from the complex space-and time-dependent harmonic field E ជ q (r ជ ,t) in the macroscopic response, the polarization of the harmonics. We use the Stokes parameters, following Born and Wolf ͓31͔.
A. Stokes parameters
For an elliptically polarized light field (E x e Ϫi x , E y e Ϫi y , 0͒, the Stokes parameters s 0 , s 1 , s 2 , and s 3 are defined by
Note that s 0 2 ϭs 1 2 ϩs 2 2 ϩs 3 2 . Let be the angle of rotation of the major axes of the ellipse in the (x,y) plane ͑defined with respect to the x axis͒ and the parameter characterizing, at the same time, the ellipticity of the field and the sense of rotation of the ellipse ͑helicity͒; more precisely, let tan()ϭϮb/a, b and a denoting, correspondingly, the minor and major axes of the ellipse, and b/a denoting the ellipticity. The sign is positive for right-handed polarization, i.e., such that, to an observer looking in the direction from which the light is coming, the electric field vector turns in the clockwise sense. and are related to the Stokes parameters by the relations: s 1 ϭs 0 cos͑2 ͒cos͑ 2 ͒, s 2 ϭs 0 cos͑2 ͒sin͑ 2 ͒, s 3 ϭs 0 sin͑2 ͒, s 2 ϭs 1 tan͑2 ͒. ͑42͒
Equations ͑41͒ and ͑42͒ allow us to calculate simply the polarization properties of the harmonics in the single-atom response.
The interest of the Stokes parameters is that they can also be defined as results of simple experiments consisting in measuring the intensity of the light passing through a combination of polarizer and compensator. Let us introduce I(,) as the intensity of light vibration in the direction making an angle with the x axis, when the y component is subjected to a retardation with respect to the x component. The Stokes parameters can be expressed as s 0 ϭI͑0,0͒ϩI͑/2,0͒, s 1 ϭI͑0,0͒ϪI͑/2,0͒, s 2 ϭI͑/4,0͒ϪI͑3/4,0͒, s 3 ϭI͑/4,/2͒ϪI͑3/4,/2͒. ͑43͒
These definitions ͑43͒ do not require the light source to be polarized. They can therefore be used to characterize the polarization properties of a partially polarized light source, i.e., such that the phase difference between the two components of the field is not fixed and varies with time and/or space. The degree of polarization of a light source is defined by P ϭ ͱs 1 2 ϩs 2 2 ϩs 3 2 s 0 . ͑44͒
In general, P is less than 1, and equal to 1 only for completely polarized radiation. The angle of rotation, and ellipticity ͑helicity͒ of an ''average'' ellipse, are defined through the relations:
tan͑2 ͒ϭ s 2 s 1 , sin͑2 ͒ϭ s 3 ͱs 1 2 ϩs 2 2 ϩs 3 2 . ͑45͒
The harmonic radiation generated by high-order conversion of an elliptically polarized laser field, E ជ q (r ជ ,t), is only partially polarized, because the phase difference (r ជ ,t) between the x and y components varies, in space, over the beam profile, and in time, over the pulse duration. We define the polarization properties of the harmonic field with the help of the Stokes parameters ͓Eq. ͑43͔͒. We calculate I(,) as we would measure it in an experiment:
I͑,⑀ ͒ϭ ͵ ͵ ͉E qx ͑r,z,t͒cos͑ ͒ϩE qy ͑r,z,t͒sin͑ ͒e i ͉ 2 2rdrdt.
͑46͒
In this equation, E qx ,E qy represent the complex x and y components of the total field E ជ q (r,z,t). I(,) is calculated at the exit of the medium ͑it does not depend on the coordinate z, as long as z is outside the medium͒. If the degree of polarization P ϭ1, the ellipticity of the field can be determined from s 0 ,s 1 , and s 2 ͓compare Eqs. ͑44͒ and ͑45͔͒. It is worth stressing, however, that in general, when P Ͻ1, it is necessary to measure s 3 in order to determine the ellipticity of the fields. The experimental determination of the ellipticity is obviously more difficult in this case than the determination of the rotation angle, which can be done by performing contrast measurements ͑amounting to measuring s 1 and s 2 ), as explained in Ref. ͓19͔.
B. Numerical results
Our results are organized as follows: we present two series of figures, one for the single atom, the other for the macroscopic results, concerning successively the harmonic ellipticity and the rotation angle. Figure 6 shows the variation of the ellipticity of the ͑a͒ 23rd, ͑b͒ 43rd, ͑c͒ 63rd harmonics generated by a single atom, as a function of the laser ellipticity and for different values of laser intensity. At low intensities and small ellipticities ͑i.e., for harmonics in the cutoff region͒, the ellipticity of the harmonic is a linear function of the ellipticity of the laser, ⑀ harm ϰ⑀. The proportionality factor is smaller than one ͓see the dashed curves in Figs. 6͑a͒ and 6͑b͔͒. At higher intensities ͑when the harmonics enter the plateau͒ and higher ellipticities, the ellipticity of the harmonics is a rapidly changing function of the laser ellipticity and exhibits several local maxima and minima ͓see all other curves in Figs. 6͑a͒-6͑c͔͒. We attribute these variations to quantum interference effects. Note that the harmonic ellipticity may change sign, which means that the helicity of the harmonic undergoes a dynamically induced jump ͑this effect is seen practically in all curves in Fig. 6͒ . Figure 7 presents the same quantities as Fig. 6 , but for the macroscopic response. Propagation smooths out the quantum interferences, but only partly, in particular for low-order harmonics ͓Fig. 7͑a͔͒. Note, that, in contrast to the harmonic strengths ͑Fig. 5͒, the results are quite dependent on the laser intensity. The harmonic ellipticity becomes significantly smaller with increasing laser intensity.
In Figs. 8 and 9 , we present single-atom and macroscopic results concerning the rotation angle of the harmonic ellipse with respect to the fundamental, as a function of the laser ellipticity. For low process orders, low intensities and low ellipticities, the rotation angle is a linear function of the laser ellipticity, and may reach 20°-30°͓see the dashed line in Fig. 8͑a͔͒ . For high-order harmonics, low intensities and low ellipticities, the rotation of the ellipse is hardly visible ͓see the dashed line in Fig. 8͑b͒ and the solid line in Fig. 8͑c͔͒ . For high intensities and ellipticities, the rotation angle becomes a rapidly varying function of both laser ellipticity and intensity, and exhibits quantum interference effects. The rotation angles for the high-order harmonics ͓see Figs. 8͑b͒ and 8͑c͔͒ are, in general, apart from a narrow ellipticity range, smaller (Ӎ 5°-10°) than for low-order harmonics ͓which are close to 60°; see Fig. 8͑a͔͒ .
Propagation smooths out interference features quite efficiently, as shown in Fig. 9 . For low-order harmonics, the rotation angle increases approximately linearly with the laser ellipticity up to about 30°, then saturates. This result is consistent with the experiments of Ref. ͓19͔, performed, however, for lower harmonic orders. For the 43rd harmonic, the linear increase of the angle stops at about 7°, and is followed by a decrease. The rotation angles for the high-order harmonics remain practically equal to zero (Ͻ5°).
In Fig. 10 , we show similar results ͑i.e., same harmonics and intensities͒ for the polarization degree. Here, we consider only the propagated results, since, for a single atom, the polarization degree is by definition equal to 1. The polarization degree remains close to 1 for high-order process. It deviates from 1 for high intensities, large ellipticities, and low process orders. It remains, however, practically always larger than 0.65.
V. CONCLUSION
In conclusion, we have presented a theoretical approach to harmonic generation by elliptically polarized fields. The single-atom part is a generalization of the theory developed in ͓8,9͔. Numerical calculations are presented for the 23rd, 43rd, and 63rd harmonics of 825-nm-wavelength light. The harmonic strengths decrease rapidly with ellipticity, and exhibit quantum intereferences.
The macroscopic response of the nonlinear medium is calculated within the slowly varying envelope and paraxial approximations. The effect of propagation is to smooth out interference features and to make the decrease of harmonic strength versus ellipticity even faster, especially for the highorder harmonics. This is attributed to the increase of the phase variation of the dipole for large ellipticities, which we interpret as due to the influence of electron trajectories with several returns. The numerical results obtained agree very well with the experimental data.
The polarization properties of the generated light are extracted with the help of the Stokes parameters. The singleatom response is dominated by quantum interference effects and exhibit rapid variations of the ellipticity as well rotation angle as a function of the laser ellipticity, especially for loworder harmonics. Propagation partly smooths out the quantum interference effects. The rotation angle of the ellipse with respect to the fundamental is quite important (ϳ30°) for low-order harmonics, in agreement with experiments. Note that the harmonic fields generated in the macroscopic response are only partially polarized. Their degree of polarization remains, however, close to unity.
The theory developed in the present manuscript provides the ground for treating other appealing problems, dealing with the control of harmonics using more sophisticated fundamental fields ͑with a polarization that varies during the laser pulse ͓20͔, or involving several colors͒. These aspects will be addressed in future work. 
APPENDIX B: ADDITIONAL DEFINITIONS
In this appendix, we present the explicit expressions for the functions C(), B(), D(), and F K () that enter the expressions ͑20͒ and ͑21͒. Their definitions are, in fact, the same as for the case of the GBR discussed in ͓9͔. These functions are given by
D͑ ͒ϭϪ2B͑͒Ϫ1ϩcos͑ ͒, ͑B3͒ F K ͑ ͒ϭ͑I p ϩU p ϪK ͒Ϫ 4U p sin 2 ͑ /2͒ . ͑B4͒
